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“Particle”-trajectories are defined as integrable dxµdp
µ = 0
paths in projective space. Quantum states evolving on such tra-
jectories, open or closed, do not delocalise in (x, p) projection,
the phase associated with the trajectories being related to the
geometric (Berry) phase and the Classical Mechanics action.
Properties at high energies of the states evolving on “particle”-
trajectories are discussed.
Quantal wave-packet revival [1] is the periodic re-
assembly of a state’s localised structure along a classi-
cally stable orbit. The phenomenon has been observed
experimentally in Rydberg atoms [2] as well as in one-
atom masers [3], and prompts the question whether such
revival is possible also for states evolving on open tra-
jectories [4], similarly to classical point-particles. It is
shown in this Letter that integrable dxµdp
µ = 0 trajec-
tories in projective space do provide such a context, the
aspect being related to the Differential Geometry prop-
erties of manifolds [5], independent of the existence of a
Hamiltonian.
The revival of quantal wave-packets is connected to
the concept of geometric phase [6] introduced by Berry.
Berry [7] has shown that additionally to a Hamiltonian
induced dynamic phase, a quantum state evolving in pa-
rameter space on a trajectory that returns to the initial
state acquires an extra phase termed geometric phase.
Subsequent analysis has generalised the context in which
the phenomenon occurs, lifting the restriction of adia-
baticity [8], cyclicity and unitarity [9]. An important step
was made by the kinematic approach [10], which demon-
strated that the Hamiltonian is not needed in defining the
geometric phase, and underlined the native geometrical
nature of the quantity by relating it to the Bargman in-
variants [11,12]. The acquirment of a geometrical phase
by quantum states evolving on closed trajectories in pa-
rameter space has been verified experimentally in neu-
tron interference [13], in two photon states produced in
spontaneous parametric down-conversion [14], etc. The
latter paper [14] makes also the important remark that
experiments related to non-locality vis a` vis the Bell in-
equalities [15] and the Berry phase are connected, non-
locality in Quantum Mechanics being pointed out as a
consequence of completeness as early as 1948 by Ein-
stein [16].
The sole assumptions of this Letter are that quantum
systems are described by a linear representation space
over C [17] and that the coordinate operator xµ has
a conjugate operator, [xµ,kν ]
−
= −igµν · 1. The lat-
ter operators act as tangent space vectors on the mani-
fold, action revealed by the (Weyl) translation operators
U∆x
def
= e+i∆xµk
µ
and U∆k
def
= e−i∆kµx
µ
:
U
†
∆x x
µU∆x = x
µ +∆xµ
U
†
∆k k
µU∆k = k
µ +∆kµ (1)
respectively |x〉 U∆x⇁ |x+∆x〉 and |k〉 U∆k⇁ |k+∆k〉. Given
an arbitrary reference state |ψref 〉, a set of translated
image-states can be defined as [18]:
|ψ(ξ, κ) 〉 def= U∆kU∆x|ψref 〉 (2)
with correspondingly translated state averages:
〈xµ〉ψ(ξ,κ) = 〈xµ〉ref +∆xµ = ξµ
〈kµ〉ψ(ξ,κ) = 〈kµ〉ref +∆kµ = κµ (3)
The spread of the image states is identical to that of the
reference state, regardless the (∆x,∆k) translation:
δxµψ(ξ,κ) = δx
µ
ref = const.
δkµψ(ξ,κ) = δk
µ
ref = const. (4)
The interchange of U∆x and U∆k in the definition of the
image state |ψ(ξ, κ) 〉 leads to a state corresponding in
projective space [8,12] to the same point, the difference
between the two being just a phase factor:
U∆xU∆k = e
+i∆xµ∆k
µ
U∆kU∆x (5)
The situation is better evidentiated by the comparison of
|ψref 〉 with its transported image around a ∆x→ ∆k →
−∆x → −∆k quantum loop:
Uloop = U
†
∆kU
†
∆xU∆kU∆x = e
−i∆xµ∆k
µ · 1 (6)
respectively around an arbitrary quantum loop:
Uloop =
∏
loop
UdkUdx = e
−i
∮
kµdx
µ · 1
= e+i
∮
xµdk
µ · 1 (7)
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In both cases the state acquires a geometrical phase pro-
portional to the (x, k) area enclosed by the loop in projec-
tive space. Should this phase be zero, the anholonomy [9]
hold preventing the realisation of a proper (x, k) coordi-
nate system on the representation space disappears, as it
will be shown in the next paragraph. Generalising equa-
tion (5) to continuous open paths (for ki = 0):
Uopen =
final∏
initial
UdkUdx = e
−i
∫
f
i
kµdx
µ ·U∆kU∆x (8)
and holding the initial and final states apart at fixed dis-
placements (∆x,∆k), a path dependent geometric phase
for open paths can be defined, arbitrary up to a path
independent gauge [19] field Φ(x, k):
S
def
= −
∫ f
i
kµdx
µ = +
∫ f
i
xµdk
µ (9)
The above relation supports a class of canonical trans-
formations (such as Q = k, K = −x) consistent with
[xµ,kν ]
−
= −igµν · 1 and 〈x|k〉 = (2π)−2e−ixµkµ , that
identifies geometrical phase as the Classical Mechanics
action [20]. Assuming that |ψref 〉 can evolve on two
neighbouring paths via a beam-splitter like mechanism,
the interference in the final state is destructive unless
δS = 0 (for remote trajectories: δS = 2nπ), respec-
tively the extremal action condition. Paths satisfying
the extremal action condition at each point - or equiv-
alently, in equation (6) dxµdk
µ = 0 - preserve con-
structive interference along the path, and are termed
“particle-trajectories”. This is not an exclusive category
however, non-particle infodynamics being equally pos-
sible [21]. The early attempts to formulate Quantum
Mechanics in terms of (x, p) coordinates failed due to
the non-zero commutator of the coordinate and momen-
tum operators [xµ,pν ]
−
= −ih¯gµν · 1, and are best sum-
marised by the Heisenberg inequality δxµ · δpν ≥ h¯2 |gµν |.
Nonetheless, free propagation of quantum systems can be
approximated by Classical Mechanics, as hinted by the
extremal geometric phase relation above.
Establishing an (x, k) coordinate system on a manifold
requires that a translation with a ∆x leg followed by one
with a ∆k leg reach the same point as it would under
those operations interchanged:
[U∆x,U∆k]
−
= (1− e−i∆xµ∆kµ)U∆xU∆k = 0 (10)
This is possible non-trivially only for spaces at least 2D
in dimension, by requiring ∆xµ∆k
µ = 0. The problem
of establishing an (x, k) grid on a 1D manifold is that a
translation around a quantum loop of area dx · dk = 12
accumulates a phase factor π, as seen from equation (7).
For manifolds of greater dimension this phase may van-
ish by reciprocal phase compensation among dimensions
of opposite metric sign. For an Euclidian metric it can
be shown that the condition is met only by trajectories
on the sphere, while for the Minkowski metric non-trivial
solutions of the n+1 pairs of canonically conjugate vari-
ables - (Q,K) plus the temporal dimension (T,H) - are
allowed. To have thus a proper (x, k) coordinate system
on the manifold two conditions must be met:
1. - necessary condition: dxµdk
µ = 0∣∣
PATH
This relation defines locally a coordinate system,
and it is better known in physics than apparent at
first glance. For example in the case of wave-packet
propagation, requiring the constituent waves to
move in sync yields the condition ~vg = ~∇kω, which
re-written as ~vg · d~k = ~∇kω · d~k = dω, becomes:
dt · dω − d~x · d~k = 0 (11)
For point-particles, the work-energy relation dE =
~Fd~x = d~x · d~p/dt can likewise be re-written as:
dt · dE − d~x · d~p = 0 (12)
2. - sufficient condition: d2x = 0 and d2k = 0∣∣
PATH
This relation conditions path integrability, neces-
sary for the path independent definition of an (x, k)
coordinate system on the manifold. It is a global
condition, the standard solution [22] being - up to
a canonical transformation [20]:
kµk
µ = ±k2C
dxµ
‖dx‖ =
kµ
kC
(13)
The traditional “dynamical” character of kµ stems
precisely from this solution, and less so from its
more distantly related Differential Geometry prop-
erties on the manifold. The inertia of the differ-
ential equations rules out “cross-over” trajectories
from kµk
µ > 0 to kµk
µ < 0 paths, ±k2C being a
characteristic of the trajectory. Likewise, trajecto-
ries on the light-cone cannot “fall” onto kµk
µ > 0
or kµk
µ < 0 solutions either, due to the gradient of
the differential equation parallel to the sheet of the
light-cone. The kµk
µ = ±k2C relation is also well
known in physics, in the form of E = c
√
m20c
2 + ~p 2,
respectively:
(E/c)2 − ~p 2 = (m0c)2 (14)
In summary, up to a canonical transformation [20]
“particle”-trajectories provide a ruling of the manifold
that satisfies the:
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• translational properties of state averages:
〈xµ〉ψ(ξ,κ) = 〈xµ〉ref +∆xµ
〈kµ〉ψ(ξ,κ) = 〈kµ〉ref +∆kµ (15)
• spreadless transport of states:
δxµψ(ξ,κ) = δx
µ
ref = const.
δkµψ(ξ,κ) = δk
µ
ref = const. (16)
• x-k evolution [23] equations:
d〈xµ〉
‖d〈x〉‖ =
〈kµ〉
kC
d〈xµ〉 d〈kµ〉 = 0∫
path
〈kµ〉d〈xµ〉 = extremal (17)
• path type constraints:
〈kµ〉〈kµ〉 = ±k2C
〈kµkµ〉 = ±k2C − δkµδkµ (18)
• contact condition between the physically meaning-
ful state-averages and the particle-trajectory ruling
of the manifold:
〈xµ〉ψ(ξ,κ) = ξµ
〈kµ〉ψ(ξ,κ) = κµ (19)
Although no physical interpretation has been assumed so
far for k, it is evident that it corresponds to what is more
traditionally known as 4-momentum, pµ = h¯kµ.
Since geometric phase properties have been discussed
mostly in the context of low energy phenomenae, the fol-
lowing will refer to high energy aspects. Quantum states
travelling on “particle”-trajectories 〈kµ〉〈kµ〉 = const.
have two constants of motion:
m20
def
=
h¯2
c2
〈kµ〉〈kµ〉
m2bare
def
=
h¯2
c2
〈kµkµ〉 (20)
the rest and bare mass of the state, related to each other
by the spread of the state in k-space:
m2bare −m20 =
h¯2
c2
δkµδk
µ (21)
a difference that for most stable systems is negative. The
spread of m2bare for an evolving quantum state is:
〈δ2(kµkµ)〉ψ(ξ,κ) = 〈δ2(kµkµ)〉ref+
4 ‖∆k‖ · 〈δ(kµkµ)δ(nµkµ)〉ref+
4 ‖∆k‖2 · 〈δ2(nµkµ)〉ref (22)
where ‖∆k‖ def= |∆kµ∆kµ|1/2 and nµ = ∆kµ/‖∆k‖.
Due to the minimum of the expression in the vecinity
of (±m0c2, 0) for sub-luminous and (0,±m0c) for supra-
luminous trajectories, the linear term in ‖∆k‖ vanishes
and the Klein-Gordon equation holds with good approx-
imation:
kµk
µ ≃ const. · 1 (23)
For high boost factors γ → ∞ however, the spread in
m2bare diverges even if ∆m
ref
bare = 0, the Klein Gordon
equation loosing accuracy:
∆mbare
mbare
≃ h¯
√
2γ
mbarec
√
〈δ2(k0 − k‖)〉min (24)
as the state approaches the light-cone and overlaps with
the densely bunchedm2bare paths in this region of k-space,
as well as with the supra-luminous states across the light-
cone. This should be distinguished from seeing the state
from a different system of reference (Lorentz boost). The
∆mbare/mbare magnitude of the effect is on the order of
0.2% for a 1 eV/c wide e− state accelerated to LEP2
energies, respectively 4% for a 1 MeV/c wide p state
accelerated to TEVatron energies. At E ≃ 300 GeV a
generic 1 eV/c wide e− state overlaps with hypothetical
supra-luminous [24] components of mbare as high as 0.7
MeV/c2.
In summary, dxµdk
µ = 0 integrable trajectories have
been shown to transport quantum states non-dispersively
in (x, k) projective space. The geometrical phase asso-
ciated with the trajectories is extremal, its expression
being that of the Classical Mechanics action. The trajec-
tories are described by a constant of motion kµk
µ = k2C ,
more traditionally known as the “rest mass”, m20. Highly
boosted quantum states overlap both with higher m2bare
as well as with negative m2bare states.
I am thankful for the hospitality during completion of
this work to the High Energy Physics group of the Wup-
pertal University - under an Alexander von Humboldt
Foundation grant, and to the Physics Department of the
University of Colorado at Boulder.
[1] C. Jarzynski, Phys. Rev. Lett. 74, 1264 (1995); G.G. de
Polavieja, Phys. Rev. Lett., 81, 1 (1998).
3
[2] M. Nauenberg, C. Stroud, and J. Yeazell, Sci. Am. 270,
44 (1994).
[3] G. Rempe, H. Walther, and N. Klein, Phys. Rev. Lett.
58, 353 (1987).
[4] D.C. Brody and L. P. Hughston, LANL e-mail preprint
quant-ph/9906086 v.II 1999; A. K. Pati, Ann. Phys. 270,
178 (1998).
[5] Foundations of Differential Geometry, S. Kobayashi, and
K. Nomizu, (Wiley, New York, 1963).
[6] Geometric Phases in Physics, edited by A. Shapere
and F. Wilczek, (World Scientific, Singapore, 1989);
S.I. Vinitsky, V.L. Dubovik, B.L. Markovski and Yu.P.
Stepanaski, Sov. Phys. Usp. 33, 403 (1990).
[7] M. V. Berry, Proc. R. Soc. London, A392, 45 (1984); L.
van Hove, Acad. Roy. Belg. Bull. Classe Sci. Mem. 37,
610 (1951).
[8] Y. Aharonov and J. Anandan, Phys. Rev. Lett., 58, 1593
(1987).
[9] J. Samuel and R. Bhandari, Phys. Rev. Lett., 60, 2339
(1988).
[10] N. Mukunda and R. Simon, Ann. Phys. (N.Y.) 228, 205
(1993), 228, 269 (1993).
[11] V. Bargman, J. Math. Phys. 5, 862 (1964).
[12] E.M. Rabei, Arvind, N. Mukunda, R. Simon, Phys. Rev.
A60, 3397 (1999).
[13] B.E. Allman, H. Kaiser, and S.A. Werner; A.G. Wagh
and V.C. Rakhecha; J. Summhammer, Phys. Rev. A56,
4420 (1997).
[14] D.V. Strekalov, and Y.H. Shih, Phys. Rev. A56, 3129
(1997).
[15] S.F. Huelga , T.W. Marshall and E. Santos, Europhys.
Lett, 38, 249 (1997); S.L. Braunstein, A. Mann, and M.
Revzen, Phys. Rev. Lett. 68, 3259 (1992).
[16] A. Einstein, Dialectica 2, 320 (1948).
[17] To be published. In essence it is possible to arrive at
the xµ and kµ operators and their commutation relation
solely on grounds related to separability of states and
Differential Geometry properties of manifolds, without
prior knowledge of physical equations.
[18] J.R. Klauder, J. Math. Phys. 4, 1055; 1058 (1963); A.
Premolov, Commun. Math. Phys. 26, 22 (1972); A. Pre-
molov, Generalised Coherent States, (Springer-Verlag,
Berlin, Heidelberg, New York, 1986); A.A. Kirilov, El-
ements of the Theory of Representations, (Springer-
Verlag, Berlin, New York, 1976); B. Konstant, in Lectures
in Modern Analysis and Applications III, editor C.T.
Taam, Lecture Notes in Mathematics 170, (Springer-
Verlag, Berlin, Heidelberg, New York, 1970); B. Kon-
stant, in Group Representations in Mathematics and
Physics, editor V. Bargmann, Lecture Notes in Physics 6,
(Springer-Verlag, Berlin, Heidelberg, New York, 1970).
[19] Gauge Theory of Elementary Particle Physics, Ta-Pei
Cheng and Ling-Fong Li, (Oxford Univ. Press, 1988).
[20] Mathematical Methods of Classical Mechanics, V. I.
Arnold, (Springer, New York, 1978).
[21] An interesting discussion on the conditions to make semi-
classical expansions of path integrals describe quantum
systems may be found in M. Stone, LANL e-mail preprint
quant-ph/0006020 2000; cond-mat/0004247 2000 and J.
Wei, E. Norman, J Math. Phys. 4, 575 (1963).
[22] For ‖dx‖ 6= 0 the dxµdk
µ = 0 relation requires that dk
be “perpendicular” to dx, respectively dkµ = Cµν⊥ ων ,
where ω is an arbitrary 1-form not “parallel” to the
“unit” vector nµ
def
= dxµ/ ‖dx‖ and Cµν⊥ = g
µν − nµnν
a tensor that selects the “perpendicular” component to
dxµ. To be integrable, dx and dk must be closed forms:
d2xµ = 0 and d2kµ = dCµν⊥ ∧ων + C
µν
⊥ dων = 0, where
dCµν⊥ = −C
µρ
⊥ dnρn
ν − nµdnρC
ρν
⊥ . The d
2k = 0 condi-
tion can be re-written as:
nµ(dnρ∧C
ρν
⊥ ων) = C
µν
⊥
(
dων − n
ρωρ ∧dnν
)
(25)
The left hand side proportional to n and the right hand
side “perpendicular” to n imply Cµν⊥ dnµ∧ων = 0, condi-
tion that has the following solutions: (i) - Cµν⊥ ων = 0,
(ii) - Cµν⊥ dnµ = 0 and (iii) - dnµ∧ων = antisymmetric.
Solution (i) is equivalent to dk = 0, solution (ii) restricts
dn “parallel” to n - impossible in view of nµn
µ = ±1,
thus the only viable solution is (iii), ων = kC ·dnν where
kC is a scalar field. From the right hand side of equa-
tion (25) equal to zero and the arbitrary orientation of
dn with respect to n, the scalar field ΛC = 2π/kC must
be a constant (known as the “Compton wavelength”).
Therefore dkµ = kC ·C
µν
⊥ dnν , or in view of nµn
µ = ±1,
dkµ = kCdn
µ and kµ = kC n
µ + (const.)µ. In the eigen-
system of reference of the trajectory the dxµdk
µ = 0 con-
dition is simply dk′0 = 0. Requiring Lorentz invariance,
the constant in the solution above must be zero and:
kµ = kC · n
µ = kC ·
dxµ
d(cτ )
(26)
where τ is the invariant proper-time, (cdτ )2 = ±dxµdx
µ.
In the track’s eigen-system of reference k′µ = ±(kC , 0)
and in the laboratory system of reference kµk
µ = ±k2C .
The “photonic” case ‖dx‖ = 0 yields kµk
µ = 0. Both in
this and in the ‖dx‖ 6= 0 case the solution holds up to a
canonical transformation [20].
[23] Similar to the Ehrenfest theorems, based however on Dif-
ferential Geometry properties of manifolds, rather than
a consequence of evolution equations (i.e. - Schro¨dinger).
[24] Hypothetical supra-luminous transformations connect
transformations across the light-cone, changing the sign
of the pseudo-norm. Such type of action interchanges
temporal with spatial information parallel to the direc-
tion of boost, while rendering arbitrary information per-
pendicular to it. Supra-luminous transformations would
hence obey Λ†GΛ = −C‖G and have the form:
Λ·µν = γ
′
(
1 ~β
~β C‖
)
(27)
where γ′ = 1/
√
β2 − 1 and C‖ a tensor selecting the
parallel component to the boost.
4
